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Abstract
We study non-Abelian Chern–Simon BPS-saturated vortices enjoyingN = 2 supersymmetry in d = 2+1
dimensions, with generic gauge groups of the form U(1)× G′, with G′ being a simple group, allowing for
orientational modes in the solutions. We will keep the group as general as possible and utilizing the powerful
moduli matrix formalism to provide the moduli spaces of vortices and derive the corresponding master
equations. Furthermore, we study numerically the vortices applying a radial Ansatz to solve the obtained
master equations and we find especially a splitting of the magnetic fields, when the coupling constants for
the trace-part and the traceless part of the Chern–Simons term are varied, such that the Abelian magnetic
field density can become negative near the origin of the vortex while the non-Abelian part stays positive,
and vice versa.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Solitons play a crucial role in a vast area of physics ranging from particle physics and cosmol-
ogy to condensed matter physics. Planar physics i.e. in 2 + 1 dimensions, has radically different
properties as the spin is not quantized as in 3 + 1 dimensions giving rise to the anyons among
others, objects having fractional spin and statistics. This can be realized by the Chern–Simons
term which has been widely used in e.g. the theory of the fractional quantum Hall effect [1].
Another aspect is that the high temperature limit of a four-dimensional theory can be described
by a three-dimensional one, where the Chern–Simons term resides naturally. Another interest-
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generation [2].
The most celebrated vortex solution, namely the Abrikosov–Nielsen–Olesen (ANO) vortex
was found half a century ago [3,4]. This object carries magnetic flux in its interior. Later, similar
vortex solutions, however in 2 + 1 dimensions where found with a Chern–Simons term instead
of a Maxwell term [5,6]. These vortices possess the already mentioned features of fractional spin
and statistics, viz. they are anyon-like. Furthermore, there exist vortices in both the asymmetric
phase (like for the ANO vortices) and also in the symmetric phase. The latter do not have a
topological argument for stability. The vortices with Maxwell or with Chern–Simons terms split
into three categories depending on the self-coupling of the Higgs field, viz. type I/II vortices or
the critical BPS saturated vortices [7], where the vortices attract, repel and do not feel any force
among the selves, respectively. The latter corresponds to some amount of supersymmetry being
present in the theories at hand. Recently, a fourth type of vortices in the Abelian Chern–Simons
model has been found, behaving as a type I vortex at small amount of magnetic field and turns
into type II when the magnetic field piles up repelling further vortices from the clusters [8]. This
type of vortex was denoted a type III vortex.
A few years ago, non-Abelian vortices have been discovered [9,10], being flux tubes which
are carrying orientational modes. These models have been extensively studied with the gauge
group U(N)  U(1) × SU(N)/ZN and only recently with generalizations to other groups [11–
13]. In particular the moduli space of these vortices has been studied in detail [9,10,13–16]. Good
reviews summarizing many results can be found in Refs. [17–19].
The first studies of non-Abelian Chern–Simons vortices are made with a simple group,
viz. SU(2) and SU(N) with fields in the adjoint representation [20–22] and later numerical solu-
tions have been found [23]. In Refs. [24,25] the non-Abelian Chern–Simons vortices have been
studied with a U(N) gauge group allowing for orientational modes to be present and they iden-
tified the moduli space of a single vortex solution. Furthermore Refs. [26–28] have considered
packaging together the Yang–Mills and the non-Abelian Chern–Simons terms for U(N) gauge
groups. In Ref. [26] the dynamics of the vortices has been studied and in Ref. [27] in addition to
the topological charge, conserved Noether charges associated with a U(1)N−1 flavor symmetry
of the theory due to inclusion of a mass term for the squarks. In Ref. [28] numerical solutions
have been provided.
Many related topics can be found in the excellent reviews [29,30].
It is the purpose of this paper to consider a wider class of non-Abelian Chern–Simons vortices
carrying orientational modes, with the gauge group kept as general as possible, except when we
will do some concrete numerical calculations.
2. The model
Our starting point will be the Yang–Mills–Chern–Simons–Higgs theory. We are considering
the following N = 2 supersymmetric theory (viz. with 4 supercharges) in d = 2 + 1 dimensions
with the gauge group G = U(1) × G′, where G′ is a simple group. The bosonic part of the
Lagrangian density reads
LYMCSH = − 14g2
(
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)2 − 1
4e2
(
F 0μν
)2 − μ
8π
μνρ
(
Aaμ∂νA
a
ρ −
1
3
f abcAaμA
b
νA
c
ρ
)
− κ μνρA0μ∂νA0ρ +
1
2
(Dμφa)2 + 12
(
∂μφ
0)2 + Tr(DμH)(DμH )†8π 2g 2e
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where a = 1, . . . ,dim(G′), the index 0 is for the Abelian group and α = 0,1, . . . ,dim(G′) and
we use the conventions
Fμν = ∂μAν − ∂νAμ + i[Aμ,Aν], DμH = (∂μ + iAμ)H,
(2.2)Dμφ = ∂μφ + i[Aμ,φ].
Aμ = Aαμtα is the gauge potential, Fμν is the field strength, φ is an adjoint scalar field which
we can take to be real and finally H is a color-flavor matrix of dimension N × Nf of Nf matter
fields. We will define N ≡ dim(RG′) but for simplicity we choose the representation RG′ as the
fundamental one of G′. We are using the following normalization of the generators
(2.3)t0 = 1N√
2N
, Tr
(
tatb
)= 1
2
δab.
There are four coupling constants entering our game at this point; e ∈ R is the Abelian coupling
of the Yang–Mills kinetic term (Maxwell), g ∈ R the is the coupling for the semi-simple part
of the Yang–Mills kinetic term, which corresponds to G′. κ ∈ R is the Abelian coupling of the
Chern–Simons term while μ ∈ Z are solely integers to render the non-Abelian Chern–Simons
action gauge invariant up to large gauge transformations [31]. ξ is a Fayet–Iliopoulos parameter.
Finally, m is a mass matrix which we will set to zero in this paper.
The scope of study in this paper will be on the Chern–Simons part of this theory. A detailed
study of the vortices dependence of the parameters of the model above with also the Yang–Mills
term in action will be done elsewhere [32].
3. Non-Abelian Chern–Simons–Higgs theory
Now let us take the limit e → ∞, g → ∞,m = 0 and κ 	= μ and in turn integrate out the
adjoint scalar field φ:
(3.1)φa = 4π
μ
Tr
(
HH †ta
)
, φ0 = 4π
κ
1√
2N
[
Tr(HH †) − ξ].
This leaves us with the non-Abelian Chern–Simons theory
(3.2)
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,
which will be the main focus of this paper. It still enjoys N = 2 supersymmetry and there are 3
parameters governing the solutions; the Abelian Chern–Simons coupling κ and the non-Abelian
Chern–Simons coupling μ and finally the winding number ν = k [12]. n0 denotes the greatestn0
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simple groups this coincides with the center as Zn0 . We will take k > 0.
There are three different phases of the theory at hand. An unbroken phase with 〈H 〉 = 0 and
a broken phase with 〈H 〉 =
√
ξ
N
. In between there are partially broken phases. We will consider
only the completely broken phase in this paper.
The equations of motion are
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The tension, defined by the integral on the plane over the time–time component of the energy–
momentum tensor, is given by
(3.6)
T =
∫
C
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,
which by a standard Bogomol’nyi completion can be rewritten as
(3.7)
T =
∫
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{∣∣∣∣D0H − i2π
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]
.
This leads immediately to the BPS-equations which need to be accompanied by the Gauss law
being the σ = 0 component of Eqs. (3.3), (3.4)
(3.8)D¯H = 0, D0H = i2π
(
1N
Nκ
(
Tr(HH †) − ξ)+ 2
μ
Tr
(
HH †ta
)
ta
)
H.
Rewriting the boundary term using the first BPS-equation, we have for the BPS saturated vortices
the tension
(3.9)T = − ξ√
2N
∫
C
F 012 +
1
2
Tr
∫
C
∂2i (HH
†) = 2πξν,
with ν being the U(1) winding number. By combining the BPS equations with the Gauss law,
we obtain the following system
(3.10)D¯H = 0,
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Fa12t
a = 16π
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2
Nκμ
(
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(
HH †ta
))21N.
An interesting comment is that the system only depends on three combinations of the couplings;
viz. κ2, μ2 and κμ. There are thus only two choices of signs giving different solutions sign(κ) =
± sign(μ). This system is of a generic character and one can readily apply one’s favorite group.
Setting κ = μ, the BPS-equations become
(3.13)D¯H = 0, D0H = i2π
κ
[
2 Tr
(
HH †tα
)
tα − ξ
N
1N
]
H,
which in turn yields the simplified system by combination with the Gauss law
D¯H = 0,
(3.14)Fα12tα =
16π2
κ2
[
Tr
(
HH †
{
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})
Tr
(
HH †tβ
)− ξ
N
Tr
(
HH †tα
)]
tα.
In the next section, we will consider the cases of G′ = SU(N), G′ = SO(N) and G′ = USp(2M),
and finally make the corresponding master equations.
3.1. Master equations
3.1.1. G′ = U(1) × SU(N)
Considering the case of U(1)×SU(N), the BPS-equations combined with the Gauss law read
D¯H = 0,
F a12t
a = 8π
2
Nκμ
(
Tr(HH †) − ξ)
(
HH † − 1N
N
Tr(HH †)
)
+ 8π
2
μ2
[
HH †
(
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− 1N
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(
(HH †)2
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N2
(
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)2]
,
(3.15)
F 012t
0 = 8π
2
N2κ2
Tr(HH †)
(
Tr(HH †) − ξ)1N
+ 8π
2
Nκμ
[
Tr
(
(HH †)2
)− 1
N
(
Tr(HH †)
)2]1N.
In this case, the generic vacuum is given by
(3.16)〈H 〉 =
√
ξ
N
1N.
This vacuum allows for an unbroken global symmetry, the so-called color-flavor symmetry which
is the global part of the gauge transformation combined with the flavor symmetry. This is of
crucial importance for having orientational modes in vortex configurations.
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rewrite the second in terms of the new variables
(3.17)H = S−1H0(z), A¯ata = −iS′−1∂¯S′, A¯0t0 = −i∂¯ log s
along with the definitions Ω ≡ ωΩ ′,Ω ′ ≡ S′S′†,ω ≡ ss† and Ω0 ≡ H0(z)H †0 (z). The field-
strength matrices are
(3.18)Fa12ta = 2S′−1∂¯
[
Ω ′∂Ω ′−1
]
S′, F 012t
0 = −21N ∂¯∂ logω.
In this U(1) × SU(N) case we can write down the two master equations like
(3.19)
∂¯
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+ 4π
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Ω0Ω
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N
(
Tr
(
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Setting the couplings equal κ = μ, we can write the U(N) Chern–Simons BPS equations and
master equation as simple as
(3.21)Fα12tα =
8π2
κ2
HH †
(
HH † − ξ
N
1N
)
,
(3.22)∂¯[Ω∂Ω−1]= 4π2
κ2
Ω0Ω
−1
[
Ω0Ω
−1 − ξ
N
1N
]
.
The boundary conditions for these master equations coincide with the weak coupling solutions
(3.47).
3.1.2. G′ = U(1) × SO(N) and G′ = U(1) × USp(2M)
Considering now the gauge group G = U(1) × SO(N) and G = U(1) × USp(2M) on the
same footing with their corresponding invariant tensor J , which has the properties J †J = 1N
and JT = J with  = ±1 for SO(N) and USp(2M), respectively.
The vacuum has the generic form [33]
(3.23)〈H 〉 = diag(v1, v2, . . . , vN), vi ∈ R+,
however, we will consider the most symmetric vacuum allowing for the global color-flavor sym-
metry, viz. we will here use (3.16). We have the following system which is obtained by combining
the BPS equations with the Gauss law and applying respective algebras
D¯H = 0,
S.B. Gudnason / Nuclear Physics B 821 (2009) 151–169 157Fa12t
a = 4π
2
Nκμ
(
Tr(HH †) − ξ)(HH † − J †(HH †)TJ )
+ 2π
2
μ2
[
(HH †)2 − J †((HH †)2)TJ ],
(3.24)
F 012t
0 = 8π
2
N2κ2
Tr(HH †)
(
Tr(HH †) − ξ)1N
+ 4π
2
Nκμ
Tr
(
HH †
(
HH † − J †(HH †)TJ ))1N,
which lead to the master equations
(3.25)
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′−1(Ω0Ω ′−1 − J †(Ω0Ω ′−1)TJ )).
The boundary conditions for these master equations coincide with the weak coupling solutions
(3.51).
3.1.3. Energy density and flux densities
Rewriting the energy density (3.9) in terms of our new variables and remembering the bound-
ary term which vanishes when integrating over the entire plane, while nevertheless produces a
big difference between the magnetic flux density and the energy density, we have
(3.27)E = 2ξ ∂¯∂ logω + 2∂¯∂
(
1
ω
TrΩ0Ω ′−1
)
.
However, the total energy
(3.28)E =
∫
C
E = 2πξν = 2πξk
n0
,
is simply proportional to the topological charge as always.
The Abelian magnetic flux density is the first term (up to a factor) in the energy density
(3.29)B = F 012 = −2
√
2N ∂¯∂ logω,
whereas the non-Abelian flux is the matrix defined in Eq. (3.18). The Abelian electric field den-
sity reads
(3.30)Ei = F 0i0 =
2π
κ
√
2
N
∂i
(
1
ω
Tr
(
Ω0Ω
′−1)),
while the non-Abelian electric field density is given by
(3.31)Eai ta = Fai0ta =
4π
∂i Tr
(
HH †ta
)
ta.μ
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(3.32)Eai ta =
2π
μ
∂i
[
1
ω
(
S′−1Ω0Ω ′−1S′ − 1
N
Tr
(
Ω0Ω
′−1))],
while for G′ = SO(N) or G′ = USp(2M) it is
(3.33)Eai ta =
π
μ
∂i
[
1
ω
S′−1
(
Ω0Ω
′−1 − J †(Ω0Ω ′−1)TJ )S′
]
.
3.2. Solutions
In the Abelian Chern–Simons theory, there exists a rigorous existence proof of the solutions
in Ref. [34]. To our knowledge this has not rigorously been proved in the theory at hand. In
the case of the vortices in the Yang–Mills–Higgs theory, the “covariant holomorphic” condition
on the Higgs fields D¯H = 0, which is solved by the moduli matrix formalism, does uniquely
determine the full moduli space of vortices via the Hitchin–Kobayashi correspondence [35–38],
which however has only been proved on compact spaces. This means that the corresponding mas-
ter equations do not induce further moduli. For the vortices with the U(N) gauge group, an index
theorem has been given in Ref. [9] while for generic gauge groups (under certain conditions) an
index theorem has been given in Ref. [13]. The index computed gives the number of moduli and
does indeed correspond to the number of moduli found in the moduli matrix.
The first part of constructing a solution is to write down the moduli matrix. Here we simply
follow the way paved by the paper [12] using holomorphic invariants of the gauge subgroup G′.
This boils down to some constraints for the moduli matrix to obey. A few examples of interest
here is the case of G′ = SU(N)
(3.34)detH0(z) = zk + O
(
zk−1
)
,
while in the case of G′ = SO,USp, respectively, we have
(3.35)HT0 (z)JH0(z) = z
2k
n0 J + O(z 2kn0 −1),
where k is the vortex number (recall that ν = k
n0
is the U(1) winding) and n0 = 2 in case of
SO(2M) and USp(2M) while n0 = 1 for SO(2M + 1), M being positive integers. For SU(N),
however n0 = N .
The rather complicated looking master equations found in the last section are assumed to have
a unique solution for each moduli matrix H0(z) (up to V equivalence, see Ref. [12]). That is the
moduli matrices are redundant and have to be identified by the following V transformation
(3.36)H0(z) ∼ V (z, z¯)H0(z), S(z, z¯) ∼ V (z, z¯)S(z, z¯), V ∈ GC.
Here we conjecture the existence and uniqueness of the solutions to the master equation for each
moduli matrix (up to the V equivalence). To provide plausibility for this claim we shall continue
in two directions.
First we consider the weak coupling limit κ → 0 and μ → 0, which seems like an odd limit to
take, but having an advantage. Looking at the theory (2.1) it is immediately seen that the matter
fields are forced to stay in the vacuum manifold corresponding to the strong coupling limit of
the normal non-Abelian vortex (i.e. with only a Yang–Mills kinetic term). In turn, this gives us
a unique solution which in fact is the same solution as found in the strong coupling limit of
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vortices of the semi-local type, are usually called lumps in the literature.
The second direction we will take will simply be to find some solutions by numerical calcu-
lations.
Now the existence of the solutions to the master equations, as we argue, makes it possible to
exploit a lot of results developed in the literature. In short,
the moduli space of non-Abelian Chern–Simons k vortices with gauge group G is equal
(3.37)
to the moduli space of the non-Abelian Yang–Mills k vortices with gauge group G.
Moduli spaces of the non-Abelian vortices in N = 2 sQCD has been found in the literature in
Refs. [9,14] for U(N) and in Refs. [13] for SO(N),USp(2M).
Here we will summarize a few results from the literature. In the pioneering papers [9,10]
discovering the non-Abelian vortices with gauge group U(N) (in contrast to the formerly found
ZN strings) the moduli space of a single vortex string was found to be
(3.38)Mk=1,G′=SU(N) = C × CPN−1,
where the first factor denotes the position in the transverse plane while the second factor are
orientational modes. For well separated k vortices, the moduli space can be composed as simply
the symmetric product of that of the single vortex. This is not the case, when the centers coincide.
In the k = 2, U(2) case, the moduli space has been found explicitly in Refs. [15,16]
(3.39)Mk=2,G′=U(2) = C ×WCP 22,1,1,
which decomposes into a center-of-mass position and a weighted complex projective space with
unequal weights giving rise to a conical type of singularity. In Ref. [13] the moduli spaces of
vortices with gauge groups G = U(1) × SO(N) and G = U(1) × USp(2M) has been found.
A complication arises due to the fact that already for Nf = N flavors, the vortices are in general of
the semi-local type (i.e. they have polynomial tails in their profile functions). The spaces quoted
here correspond to the vortices of local type, thus they are constrained to have holomorphic
invariants with coincident zeroes. In the language of Ref. [13] this is obtained by constraining
the vortices by the so-called strong condition
(3.40)HT0 (z)JH0(z) = (z − z0)
2k
n0 J.
The single local vortex with G′ = USp(2M) has the moduli space
(3.41)Mk=1,G′=USp(2M) = C × USp(2M)
U(M)
,
while in the case of G′ = SO(2M) it is found to be
(3.42)Mk=1,G′=SO(2M) =
(
C × SO(2M)
U(M)
)
+
∪
(
C × SO(2M)
U(M)
)
−
,
where the ± denotes the chirality as described in detail in Ref. [13] which is deeply rooted in
the fact that the first homotopy group has in addition to the integers a Z2 factor. This can also be
interpreted as two spinor representations which is exactly the irreducible representations of the
dual group G˜′, where the dual is defined as being the group having the root vectors α∗ = αα·α .
For the k = 2, G′ = SO(2M) the following orientational moduli spaces have been found to be
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(3.43)Mk=2,G′=SO(4m),QZ2=+1 = Rm+ ×
SO(4m)
USp(2)m
× Z2,
(3.44)Mk=2,G′=SO(4m),QZ2=−1 = Rm−1+ ×
SO(4m)
U(1) × USp(2)m−1 × SO(2) ,
(3.45)Mk=2,G′=SO(4m+2),QZ2=+1 = Rm+ ×
SO(4m + 2)
U(1) × USp(2)m × Z2,
(3.46)Mk=2,G′=SO(4m+2),QZ2=−1 = Rm+ ×
SO(4m + 2)
USp(2)m × SO(2) .
In the case of k = 1, G′ = SO(2M + 1), the moduli spaces are quite similar to the k = 2 even
case.
3.3. Weak coupling limit
3.3.1. G′ = U(1) × SU(N)
Taking κ = μ → 0, we obtain from the D term conditions
(3.47)Ω ′ = (detΩ0)− 1N Ω0, ω = N
ξ
(detΩ0)
1
N , Ω = N
ξ
Ω0,
which can be packaged together as a U(N) field Ω . Instead of taking both couplings simultane-
ously to weak coupling, we can play a game of taking only one of them, keeping the other finite
(non-infinitesimal). Taking κ → 0 and keeping μ finite we obtain
(3.48)ω = 1
ξ
TrΩ0Ω ′−1,
at the zeroth order in κ while at first order we get the constraint
(3.49)N Tr((Ω0Ω ′−1)2)= (Tr Ω0Ω ′−1)2.
We note that only the Abelian field is determined, however at first order in the coupling constant
we obtain a single constraint on the non-Abelian fields. Taking instead μ → 0 keeping κ finite
we have
(3.50)Ω ′ = ΛΩ0, with Λ ∈ const.,
to both zeroth and first order in μ.
3.3.2. G′ = U(1) × SO(N) and G′ = U(1) × USp(2M)
Taking κ = μ → 0 we have from the D term conditions [13,33]
(3.51)Ω ′ = H0(z) 1N√
M†M
H
†
0 (z), ω =
1
ξ
Tr
√
M†M,
where M = HT0 (z)JH0(z) is the meson field of the SO,USp theories according to the choice of
the gauge group and in turn invariant tensor.
A comment in store is that the Chern–Simons term is simply switched off in this limit and the
lumps are the same as the ones living in the Yang–Mills theories experiencing infinitely massive
gauge bosons. The point here, however, is to argue by continuity the existence and uniqueness of
the solutions to the master equations for a given moduli matrix H0(z) (up to the V -equivalence
relation).
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3.4.1. Example: U(N)
Let us do a warm-up and consider the single U(N) Chern–Simons vortex (κ = μ) which has
been found in Refs. [24,25], however doing it in our formalism. Taking a simple moduli matrix
(3.52)H0(z) = diag(z,1N−1),
which of course satisfies the constraint (3.34), thus we can use the Ansatz for Ω
(3.53)Ω = eψ diag(e(N−1)χ , e−χ1N−1),
leading to the two coupled equations of motion
(3.54)∂¯∂[ψ + (N − 1)χ]= −4π2
κ2
|z − z0|2e−ψ−(N−1)χ
(
|z − z0|2e−ψ−(N−1)χ − ξ
N
)
,
(3.55)∂¯∂[ψ − χ] = −4π
2
κ2
e−ψ+χ
(
e−ψ+χ − ξ
N
)
.
Notice that the two equations decouple in the sense that there only appear the combinations
ψ + (N − 1)χ and ψ − χ . In fact it is easily seen that in this case, the field combination ψ − χ
can be in the vacuum in all C which trivially solves the second equation. However, the first
equation still needs to be solved numerically. The boundary conditions are
(3.56)ψ∞ = log
(
N |z| 2N
ξ
)
, χ∞ = log
(|z| 2N ).
The equations become essentially Abelian when the couplings are equal κ = μ, as was noted in
Ref. [25]. The energy density is given by
(3.57)E = 2ξ ∂¯∂ψ + 2∂¯∂[|z|2e−ψ−(N−1)χ + (N − 1)e−ψ+χ ],
where the last term is the boundary term which of course integrates to zero. The Abelian and
non-Abelian magnetic flux densities are given by
(3.58)F 012 = −2
√
2N∂¯∂ψ, F a12t
a = −2√2N(N − 1)∂¯∂χt,
where the following matrix has been defined for convenience
(3.59)t ≡ 1√
2N(N − 1) diag(N − 1,−1N−1),
which is traceless and has the trace of its square normalized to one half. The Abelian electric
field density is
(3.60)Er = 2π
κ
√
2
N
∂r
[
r2e−ψ−(N−1)χ + (N − 1)e−ψ+χ ],
while the non-Abelian electric field density is
(3.61)Ear ta =
2π
μN
√
2N(N − 1)∂r
[
r2e−ψ−(N−1)χ − e−ψ+χ ]t.
We will find in the next subsection, that the numerical solution for this vortex for N = 2 is up
to rescaling of some parameters equivalent to the vortex studied in the next subsection (when
κ = μ). Thus the concrete graphs are shown only for the vortex solution below.
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Let us take a simple example of a moduli matrix
(3.62)H0(z) = diag(z1M,1M),
which surely satisfies the constraint (3.35). We take the Ansatz
(3.63)Ω ′ = diag(eχ1M,e−χ1M), ω = eψ,
where detΩ ′ = 1 is manifest. The equations of motion in terms of the new fields are
(3.64)
∂¯∂χ = − π
2
κμ
(
|z|2e−ψ−χ + e−ψ+χ − ξ
M
)(|z|2e−ψ−χ − e−ψ+χ )
− π
2
μ2
((|z|2e−ψ−χ )2 − (e−ψ+χ )2),
(3.65)
∂¯∂ψ = −π
2
κ2
(|z|2e−ψ−χ + e−ψ+χ )
(
|z|2e−ψ−χ + e−ψ+χ − ξ
M
)
− π
2
κμ
(|z|2e−ψ−χ − e−ψ+χ )2.
It is interesting to note that under rescaling of the FI parameter ξ → Mξ , the above equations of
motion are exactly the ones of the U(1)× SU(2) theory with the Ansatz used in the last section.
The boundary conditions are
(3.66)ψ∞ = log
(
2M
ξ
|z|
)
, χ∞ = log
(|z|),
and the energy density reads
(3.67)E = 2ξ ∂¯∂ψ + 2M∂¯∂[|z|2e−ψ−χ + e−ψ+χ ],
where the first term is proportional to the Abelian magnetic flux density
(3.68)F 012 = −4
√
M∂¯∂ψ,
and the last is the boundary term which integrates to zero, while the non-Abelian magnetic field
density reads
(3.69)Fa12ta ≡ FNA12 t = −4
√
M∂¯∂χ t, t ≡ 1
2
√
M
diag(1M,−1M).
The Abelian electric field density reads
(3.70)Er = 2π
√
M
κ
∂r
[
r2e−ψ−χ + e−ψ+χ ],
whereas the non-Abelian electric field density is
(3.71)Ear ta ≡ ENAr t =
2π
√
M
μ
∂r
[
r2e−ψ−χ − e−ψ+χ ]t.
We show the vortex with this Ansatz corresponding to different values of the coupling constants
κ,μ in the following figures. Here we will take for definiteness the group G′ to be SO(4) or
USp(4) hence M = 2, which within the chosen Ansatz are equivalent. We furthermore set ξ = 2.
S.B. Gudnason / Nuclear Physics B 821 (2009) 151–169 163Fig. 1. (a) Profile functions for three different values of the coupling constants; a: κ = 4,μ = 2; b: κ = 2,μ = 2;
c: κ = 1,μ = 2; the functions are plotted in traditional style with the winding field rising linearly and the non-winding
field being constant at the origin. The FI parameter ξ = 2. Notice that the VEV for these functions is 2− 12 . (b) The energy
density E for the vortex for the same three different values of the couplings. All the energy densities integrate to πξ ,
within an accuracy better than ∼ 10−4.
The total energy is thus (recall the Ansatz is for a single k = 1 vortex)
(3.72)E =
∫
C
E = πξ.
In Fig. 1(a) we show the profile functions of the vortex in the traditional way, where the color-
flavor matrix is parametrized as follows
(3.73)H = diag(f (r)eiθ12, g(r)12),
which of course is equivalent to the parametrization in terms of ψ,χ . In Fig. 1(b) the energy
density of Eq. (3.67) is shown. The integral of the energy density is identically equal to the
integral of the Abelian magnetic flux, as it should be. We see the vortex size is proportional to
the coupling constants. In Fig. 2 we show the Abelian (a) and the non-Abelian (b) magnetic
field, respectively. We observe that the Abelian magnetic field is negative at the origin while the
non-Abelian magnetic field is positive, in the κ = 4,μ = 2 case. The contrary holds in the κ = 1,
μ = 2 case where the non-Abelian magnetic field is negative at the origin while the Abelian field
is positive. It turns out that the combination
(3.74)(κF 012 + μFNA12 )∣∣r→0 = 0.
An immediate consequence is that for |κ|  |μ|, |FNA12 |  |F 012| at the origin and vice versa. Plots
of the Abelian and non-Abelian magnetic fields normalized as in Eq. (3.74) are shown in Fig. 3
with κ = 4,μ = 2 in (a) and κ = 1,μ = 2 in (b), respectively. At the origin this combination
cancels to a numerical accuracy better than 10−5. First let us demonstrate the formula (3.74) by
calculating the fields in the limit r → 0
(3.75)κF 012
∣∣
r→0 = −μFNA12
∣∣
r→0 = 4π
√
M
[
1
κ
e−ψ+χ
(
e−ψ+χ − ξ
M
)
+ 1
μ
(
e−ψ+χ
)2]
.
Note that the value of the magnetic fields only depends on the field combination ψ − χ , and
it is understood that it has to be evaluated at the origin in the above equation. Secondly, let
164 S.B. Gudnason / Nuclear Physics B 821 (2009) 151–169Fig. 2. (a) The Abelian magnetic field F 012 (trace-part) for three different values of the couplings. Notice the equal
coupling case has zero magnetic field at the origin while the different coupling cases have negative and positive values,
respectively. (b) The non-Abelian magnetic field Fa12 (traceless part) for different values of the couplings. Notice the
opposite behavior of the non-Abelian magnetic field with respect the Abelian one at the origin, see also Fig. 3. The FI
parameter ξ = 2.
Fig. 3. Differently normalized Abelian and non-Abelian magnetic fields as κF 012 and μF
NA
12 for (a) κ = 4,μ = 2 and
(b) κ = 1,μ = 2. This combination cancels exactly at the origin (to a numerical accuracy better than ∼ 10−5). The FI
parameter ξ = 2.
us demonstrate that the magnetic fields are zero at the origin in the case of equal couplings.
Subtracting Eq. (3.64) from Eq. (3.65) we have
(3.76)
∂¯∂(ψ − χ) = −π
2
κ2
[(
1 − κ
2
μ2
)(|z|2e−ψ−χ )2 +
(
1 − κ
μ
)(
2e−ψ+χ − ξ
M
)
|z|2e−ψ−χ
+
(
1 + κ
μ
)2(
e−ψ+χ
)2 − ξ
M
(
1 + κ
μ
)
e−ψ+χ
]
,
which depends on z, z¯ when the coupling constants are different, κ 	= μ. However, when the
coupling constants are equal, Eq. (3.76) reads
(3.77)∂¯∂(ψ − χ) = −4π
2
2
(
e−ψ+χ − ξ
)
e−ψ+χ ,κ 2M
S.B. Gudnason / Nuclear Physics B 821 (2009) 151–169 165Fig. 4. (a) The Abelian electric field in the radial direction Er (trace-part) for three different values of the couplings.
(b) The non-Abelian electric field in the radial direction ENAr (traceless part). The FI parameter ξ = 2.
Fig. 5. (a) Sketch of the magnetic fields where the Abelian (red/left) is negative at the origin and the non-Abelian
(blue/right) is positive for κ > μ. (b) Contrarily the Abelian (red/left) is positive at the origin while the non-Abelian
(blue/right) is negative for κ < μ.
which allows the field combination ψ − χ to stay constant with the value
(3.78)ψ − χ = log
(
2M
ξ
)
.
Plugging this (constant) solution into Eq. (3.75) we obtain readily F 012 = FNA12 = 0 in the limit
r → 0.
In Fig. 4 is shown the Abelian (a) and non-Abelian (b) electric fields with different values
of the couplings. In Fig. 5 we show a sketch of the magnetic fields of Abelian and non-Abelian
kinds, respectively, in the case of κ > μ (a) and in the case of κ < μ (b). The integral over
the plane of the Abelian magnetic field density is proportional to the topological charge of the
vortex, the winding number which in turn renders the soliton topologically stable. The vortex
solution with negative winding number k < 0 can be interpreted as an anti-vortex. Hence, one
could wonder which interpretation to give the small substructure found in this vortex solution —
a small anti-vortex trapped in the non-Abelian vortex, as a bound state, not rendering the solution
unstable.
Opposite signs of coupling constants We will now consider taking one of the couplings to be
negative, say κ < 0 and μ > 0. Choosing both signs negative yields the same solution as already
mentioned, however with flipped electric fields. In the case of κ > 0 and μ < 0, the solutions
166 S.B. Gudnason / Nuclear Physics B 821 (2009) 151–169Fig. 6. (a) Profile functions for three different values of the coupling constants; a: κ = −4,μ = 2; b: κ = −2,μ = 2;
c: κ = −1,μ = 2; the functions are plotted in traditional style with the winding field rising linearly and the non-winding
field being constant at the origin. The FI parameter ξ = 2. Notice that the VEV for these functions is 2− 12 . (b) The energy
density E for the vortex for the same three different values of the couplings with opposite signs. All the energy densities
integrate to πξ , within an accuracy better than ∼ 10−4. Notice that the extrema of the energy density is at the origin,
just as in the case of the ANO vortices or the non-Abelian generalizations.
Fig. 7. (a) The Abelian magnetic field F 012 (trace-part) and (b) the non-Abelian magnetic field FNA12 (traceless part) for
three different values of the couplings with opposite signs. Notice that the magnetic field density resembles that of the
ANO vortex or the non-Abelian generalizations, viz. they have the extrema at the origin. The FI parameter ξ = 2.
are equivalent to the ones we will consider now, just with the signs flipped of the electric fields.
The Chern–Simons characteristics have been lost in this case, the vortex instead has the magnetic
field concentrated at the origin — just as in the case of the ANO vortex or the single U(N) non-
Abelian generalization. In Fig. 6 the profile functions and energy densities for different solutions
are shown. In Fig. 7 the corresponding magnetic fields are shown while in Fig. 8 the electric
fields are shown.
4. Discussion
We have thus brought the powerful moduli matrix formalism into the non-Abelian Chern–
Simons model (which supports topological non-Abelian vortices), and have conjectured that the
moduli spaces of the non-Abelian vortex solutions of these systems are indeed identical to those
of the vortex solutions in the Yang–Mills–Higgs models with corresponding gauge groups. We
S.B. Gudnason / Nuclear Physics B 821 (2009) 151–169 167Fig. 8. (a) The Abelian electric field in the radial direction Er (trace-part) and (b) the non-Abelian electric field ENAr
(traceless part) for three different values of the couplings with opposite signs. The FI parameter ξ = 2. Note that the
electric fields are back-to-back.
have not proved that every moduli matrix has a unique and existing solution to the master equa-
tions found. Nevertheless we have argued the plausibility of such a claim by taking the weak
coupling limit which immediately yields the lumps of the Yang–Mills–Higgs models, as it is just
the algebraic solutions to the D term conditions.
We have then studied some numerical solutions of non-Abelian vortices, by choosing an
Ansatz to the master equations, working mainly with the G′ = SO(4) and G′ = USp(4) gauge
groups. We have studied the case of different couplings with both couplings positive yielding
vortex solutions with a small negative Abelian (non-Abelian) magnetic field density at the ori-
gin and a corresponding positive non-Abelian (Abelian) magnetic field density, which have a
combination that is always zero (at the origin). Keeping the couplings equal provides the typical
Chern–Simons characteristic that the magnetic field vanishes at the origin yielding a ring struc-
ture. This new type of solutions could perhaps be interpreted as an anti-vortex sitting inside the
non-Abelian vortex as a stable bound state, with the stability provided by topological arguments.
An interesting question is to which extent this substructure found in the non-Abelian vortex
solutions alters the dynamics of the vortices.
Furthermore, by changing the relative sign of the coupling constants a vortex solution with
the magnetic field density concentrated at the origin has been found.
An obvious future study related to these vortices and also to the ones of Ref. [13] could be
to make an explicit construction with exceptional groups and investigating the corresponding
moduli spaces. Especially interesting would be the center-less groups.
Another interesting path to follow is to consider the construction of the non-Abelian vortices
in Chern–Simons models with more supersymmetries, e.g. considering the model of Aharony–
Bergman–Jafferis–Maldacena [39]. An Abelian non-relativistic Jackiw–Pi vortex has already
been found in this model [40]. Another attempt to construct vortices in the latter model has
recently been made, resulting in the non-Abelian vortex equations of the Yang–Mills–Higgs
models [41].
Acknowledgements
S.B.G. thanks Minoru Eto, Jarah Evslin, Matteo Giordano, Kenichi Konishi, Muneto Nitta,
Giacomo Marmorini and Walter Vinci for fruitful discussions.
168 S.B. Gudnason / Nuclear Physics B 821 (2009) 151–169References
[1] S.C. Zhang, T.H. Hansson, S. Kivelson, An effective field theory model for the fractional quantum hall effect, Phys.
Rev. Lett. 62 (1988) 82.
[2] S. Deser, R. Jackiw, S. Templeton, Topologically massive gauge theories, Ann. Phys. 140 (1982) 372;
S. Deser, R. Jackiw, S. Templeton, Ann. Phys. 185 (1988) 406, Erratum.
[3] A.A. Abrikosov, On the Magnetic properties of superconductors of the second group, Sov. Phys. JETP 5 (1957)
1174, Zh. Eksp. Teor. Fiz. 32 (1957) 1442.
[4] H.B. Nielsen, P. Olesen, Vortex-line models for dual strings, Nucl. Phys. B 61 (1973) 45.
[5] J. Hong, Y. Kim, P.Y. Pac, On the multivortex solutions of the Abelian Chern–Simons–Higgs theory, Phys. Rev.
Lett. 64 (1990) 2230.
[6] R. Jackiw, K.M. Lee, E.J. Weinberg, Selfdual Chern–Simons solitons, Phys. Rev. D 42 (1990) 3488.
[7] E.B. Bogomolny, Stability of classical solutions, Sov. J. Nucl. Phys. 24 (1976) 449, Yad. Fiz. 24 (1976) 861.
[8] S. Bolognesi, S.B. Gudnason, A note on Chern–Simons solitons — a type III vortex from the wall vortex, Nucl.
Phys. B 805 (2008) 104, arXiv:0711.3803 [hep-th].
[9] A. Hanany, D. Tong, Vortices, instantons and branes, JHEP 0307 (2003) 037, arXiv:hep-th/0306150.
[10] R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi, A. Yung, Non–Abelian superconductors: Vortices and confinement in
N = 2 SQCD, Nucl. Phys. B 673 (2003) 187, arXiv:hep-th/0307287.
[11] L. Ferretti, S.B. Gudnason, K. Konishi, Non-Abelian vortices and monopoles in SO(N) theories, Nucl. Phys. B 789
(2008) 84, arXiv:0706.3854 [hep-th].
[12] M. Eto, T. Fujimori, S.B. Gudnason, K. Konishi, M. Nitta, K. Ohashi, W. Vinci, Constructing non-Abelian vortices
with arbitrary gauge groups, Phys. Lett. B 669 (2008) 98, arXiv:0802.1020 [hep-th].
[13] M. Eto, et al., Non-Abelian vortices in SO(N) and USp(N) gauge theories, arXiv:0903.4471 [hep-th].
[14] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, N. Sakai, Moduli space of non-Abelian vortices, Phys. Rev. Lett. 96 (2006)
161601, arXiv:hep-th/0511088.
[15] R. Auzzi, M. Shifman, A. Yung, Composite non-Abelian flux tubes in N = 2 SQCD, Phys. Rev. D 73 (2006)
105012, arXiv:hep-th/0511150;
R. Auzzi, M. Shifman, A. Yung, Phys. Rev. D 76 (2007) 109901, Erratum.
[16] M. Eto, K. Konishi, G. Marmorini, M. Nitta, K. Ohashi, W. Vinci, N. Yokoi, Non-Abelian vortices of higher winding
numbers, Phys. Rev. D 74 (2006) 065021, arXiv:hep-th/0607070.
[17] D. Tong, TASI lectures on solitons, arXiv:hep-th/0509216.
[18] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, N. Sakai, Solitons in the Higgs phase: The moduli matrix approach, J. Phys.
A 39 (2006) R315, arXiv:hep-th/0602170.
[19] M. Shifman, A. Yung, Supersymmetric solitons and how they help us understand non-Abelian gauge theories, Rev.
Mod. Phys. 79 (2007) 1139, arXiv:hep-th/0703267.
[20] H.J. de Vega, F.A. Schaposnik, Vortices and electrically charged vortices in non-Abelian gauge theories, Phys. Rev.
D 34 (1986) 3206.
[21] C.N. Kumar, A. Khare, Charged vortex of finite energy in non-Abelian gauge theories with Chern–Simons term,
Phys. Lett. B 178 (1986) 395.
[22] H.J. de Vega, F.A. Schaposnik, Electrically charged vortices in non-Abelian gauge theories with Chern–Simons
term, Phys. Rev. Lett. 56 (1986) 2564.
[23] F. Navarro-Lerida, E. Radu, D.H. Tchrakian, Non-Abelian Chern–Simons–Higgs solutions in (2 + 1) dimensions,
arXiv:0811.3524 [hep-th].
[24] L.G. Aldrovandi, F.A. Schaposnik, Non-Abelian vortices in Chern–Simons theories and their induced effective
theory, Phys. Rev. D 76 (2007) 045010, arXiv:hep-th/0702209.
[25] G.S. Lozano, D. Marques, E.F. Moreno, F.A. Schaposnik, Non-Abelian Chern–Simons vortices, Phys. Lett. B 654
(2007) 27, arXiv:0704.2224 [hep-th].
[26] B. Collie, D. Tong, The dynamics of Chern–Simons vortices, Phys. Rev. D 78 (2008) 065013, arXiv:0805.0602
[hep-th].
[27] B. Collie, Dyonic non-Abelian vortices, J. Phys. A 42 (2009) 085404, arXiv:0809.0394 [hep-th].
[28] M. Buck, E.F. Moreno, F.A. Schaposnik, Local and semi-local vortices in Yang–Mills–Chern–Simons model,
arXiv:0902.0738 [hep-th].
[29] G.V. Dunne, Aspects of Chern–Simons theory, arXiv:hep-th/9902115.
[30] P.A. Horvathy, P. Zhang, Vortices in (Abelian) Chern–Simons gauge theory, arXiv:0811.2094 [hep-th].
[31] S. Deser, R. Jackiw, S. Templeton, Three-dimensional massive gauge theories, Phys. Rev. Lett. 48 (1982) 975.
[32] M. Eto, S.B. Gudnason, in preparation.
S.B. Gudnason / Nuclear Physics B 821 (2009) 151–169 169[33] M. Eto, T. Fujimori, S.B. Gudnason, M. Nitta, K. Ohashi, SO and USp Kähler and hyper-Kähler quotients and
lumps, Nucl. Phys. B 815 (2009) 495, arXiv:0809.2014 [hep-th].
[34] R. Wang, The existence of Chern–Simons vortices, Commun. Math. Phys. 137 (1991) 587.
[35] I. Mundet, i. Riera, Yang–Mills–Higgs theory for symplectic fibrations, arXiv:math/9912150.
[36] K. Cieliebak, A. Rita Gaio, D.A. Salamon, J-holomorphic curves, moment maps, and invariants of Hamiltonian
group actions, Int. Math. Res. Notices (2000) 831, arXiv:math.SG/9909122.
[37] J.M. Baptista, Vortex equations in Abelian gauged sigma-models, Commun. Math. Phys. 261 (2006) 161,
arXiv:math/0411517.
[38] J.M. Baptista, Non-Abelian vortices on compact Riemann surfaces, arXiv:0810.3220 [hep-th].
[39] O. Aharony, O. Bergman, D.L. Jafferis, J. Maldacena, N = 6 superconformal Chern–Simons-matter theories, M2-
branes and their gravity duals, JHEP 0810 (2008) 091, arXiv:0806.1218 [hep-th].
[40] S. Kawai, S. Sasaki, BPS vortices in non-relativistic M2-brane Chern–Simons-matter theory, arXiv:0903.3223 [hep-
th].
[41] C. Kim, Y. Kim, O.K. Kwon, H. Nakajima, Vortex-type half-BPS solitons in ABJM theory, arXiv:0905.1759 [hep-
th].
